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Mathematics League

2007-08 Event L,4.
The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 pbints. Place your answer to each question on the line provided. You have 12 minutes for this
event.

- 1. If m, n, and p are distinct prime integers, what least common denominator should
?-

m n p be used to add

X L + x r t l  = X t X z
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2. Express .666...+*:- as the quotient of two relatively prime integers.
1 .333. . . .

My new pedometer, when strapped to my ankle, counts the number of steps I take,

and then reports the miles I have walked by multiplying the number of steps by the

length of a step - which I must enter. The length of step is to be entered as a

decimal m.n where m is in feet, n in inches. I first entered 3.1 for a step of 37 inches,

but that was evidently incorrect, because the pedometer recorded as2.4miles a

distance known to be just 2 miles. What length of step m.n (remember that, for

example,2.9 means 2feet,9 inches) should I enter to get the best approimation to

the correct distance of 2 miles? (There are 5280 feet to a mile.)

Find positive integers x, and x2, xt <x, such that 1* ! * 
I = I

x r  x 2  x t ' x z

3. LeF n1:- hurnbe.* ul  s inps l  t r . : tu.r l ty fu,rk,

T h * . .  r n  l y r c h e s ,  m ( 3 - l ) :  S a X o ( Z ' + ) ( l Z )

1f- S mect5ti;tr.t t^/ <rc-tu"rl slop I n rnches,

5 Z 9 e  C z ) ( i z )  :  5 i 1 " 1  =  " ( f z 8 c ) ( z ' + ) ( ' t )

? , 1

X , =  L  ^
- T '

X z =  3

a .  \ , * = 1 o 1 . =  i

5  =  1 ( j 1 )  =  3 ( J .  t 3 - -
2 " 4

g '= Z F.**, 
'J 
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Minnesota State High School
Mathematics League

Individual Event

2007-08 Event 1B
The first question is intended to be a quickie and is worth 1-point. Each of the next three questions is
worth Z p'olnts. Place your answer to'each question on the line provided. You have 12 minutes for this
event.

1. Figure 1 shows an equilateml, MEF inscribed in a square ABCD. Find the measure

in degrees of LAEB.

2. Figure 2 shows an equilateraT LBGF inscribed in a regular pentagon ABCDE. Find

the measure in degrees of LDGF .

In an isosceles LABC , m(tn) = 7 m(LA). Find two possible values for the measure

of LC. (  Gire o' 'e pornt &t eo<-V eo?ree* ansn'rer)

In MBC (Figure 4), BE = BF, CD : CF, and m(tA): 68". Find m(tnnD) -

B

E

B
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Figure 1

r. L et o( = /  BAE =/. lAF

l s  +  6 0  =  q o ;  ' r  = i f

/  A e 6  :  t C  - t f  . l f  "

3 ,  
0

Figure 2

L Verle^ .rngter "* D

..nd E are I$)= ioe

a ( L D G F )  r e ( r o E i  , 3 6 0

z (L  oGF) = 144
L  D G l =  = 1 Z o

IV,'rU, lvlar. Zoco-l

Figure 4

4. Lef bc.s: . . . ,Xtes oF

t 5 c s c e l € 5  A B E F '  b t * ,

lhus. .'[ A c DF be 8 '

? ' a  +  a $  =  l 8 o

,1.,3 .i / q-- tec
3 ( x r 8 \ +  t B + / c  = 3 6 Q

o ( t 4  =  t 8 o  -  t  ( i \ + z c )

Casc. I

i S o t  :  i 8 C :
t x  =Q)  LC=Vt

C
C'..se E.
1 , x  =  l 8 a

, i  =  ? t ) '  LL .  =  ZC: '

Z E F D  =  ( 8 c  - t . r + 6 )  =  |  t r T r r c )
b * *  z t 3 + L C  :  i o c i  * L  r \  - *  i g o  * d 8  =  i i Z -
L t r F O - . t ( i i Z ) : . 5 6 * '
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Minnesota State High School
Mathematics League

Individual Event

2007-08 Event 1C
The first question is intended to be a quickie and is worth 1 point. Each of the next three questiols i9 .
worth Z pbints. Place your answer to 

-each 
question on the line provided. You have 12 minutes for this

event.

As point P(x,y) moves through the second quadrant following the path of a cirde

of radius hve, OP makes an angle of 0 with the positive t-axis (Figure 1). Express

cosO in terms of r.

As point P(x,y) moves through the second quadrant following the path of a

circle of radius five, OP makes an angle of 0 with the positive r-axis (Figure 1).

Express cos0 in terms of y.

Suppose that in Figure L, the line from A(5,0)to P has length SJ5. What is the

measure of I to the nearest degree?

Figure 4A comes from Peter Apianus, Quadrans Astronomicus (1532). It depicts two

observers trying to determine the height of a tower. The information is shown

more clearly in Figure 48 where DB =246, LADC = 50o, and ZDBC =25" . What is

the height AC, correct to three places to the right of the decimal?

4 .  L e t  h  :  A C .

tan Sou = h so AO = h coL Sa"
A O

I
t  ^ - o  n
T a ^ L ;  =  -  =

AO + 746

_J*t)
5

t aoo  3 .

tilg.4+7 
4'

l .  e o s  6 -  L
g

? ,

z .  cos  o  =  -  Jas :F
t

.at = 15
J

t  x t + X -
4

zs

=  2 - f

_ af = _
l o

-Va 
=

5

l a o "

( f - ^ ) " *

7 {  - l o x

-  l o x

X =

Cos O --

6

= J f h (t""

[ =

zsoco l -  5O" )  +

iL46 +," ' , .  ?-5"

h cot  5o '  +  2+6

/ Q (  t * ' r t Z 5 o  =  [

2 4 6
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Minnesota State High School
Mathematics League

Individual Event

2007-08 Event 1D
The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this
event.

1. Find both roots of (x + I)z = -4 .- t + ? L

- t - ? L

- ? o

- 4

4.
- 4 x + f

2. The polynomial function/r) has exactly three roots at x = 1, * = -!,

,f(0) = -24. Find /(-1).

3. A second degree polynomial function g(x) passes through the points

and- r=1
2

+.  (x  -a ) ( "+  a )  )  p  (^ )
' - -

a t + E

Pc*) = 1x -d(xt  3)  1 (*)  + '  a* + b

P ( - e ) =  
- l a - t b = l - J

P ( z ) =  
? a + b = - j

- 5 4 = 7 0  +  G - = - 4 ; t h e n b = 5

f m rr u Mar.h zooe f

(;,r), (2,3), and (; ') Find s(3)

The polynomial P(r) has integer coefficientt and leaves a remainder of -3 when

divided by (x -2). The remainder is 17 when P(x) is divided by (r + 3). What is the

remainder when P(x) is divided by (x -2)(x + 3)?

1 ( " )
t . x + l  =  t U  L

K  =  - l  t Z L

Ivrmu lvtorch zooe-]

l c * t  =  k  ( * - , ) ( 3 x + 4 ) ( t x - t )

{ ( o )  =  k ( - r ) ( + ) c - 3 )  =  - ? 1

, ' ,  k  =  - 2

f  ( - , t  :  -  |  ( -  z l  ( r )  ( - s )  =  -eo

z .

3. l f  yoq r^rr i te

* h e n  j  ( A )  =

1 ( 3 ) = ' 4 - ( t ) (

3  ( x )  =  a .  ( x - z \ ( " - { )  t  b  ( x -  e - l f ^ - { )
. (- i-) (-r) = Z, so o- = 4 , 5 rn,il-! {,^d

i l  - r a  (  i ) t i )  * a ( 1 ) r )  =  - +

+  c  ( x -  3  ) ( x -  z )
$ = - 1 L . ,  c  =  ? ,



Answers

Minnesota State High School
Mathematics League

Team Event

2007-08 Meet 1
Each question is worth 4 points. Team members may cooperate in any way, but at the end of twenty
minutes, one set of answers is to be submitted. Put answers on the lines provided.

NO CALCULATORS IN THIS EVENT
t t a I 4. 1. Express using base nine the integer which is written 54321using base six.

x t - -  L

2 .  F indpos i t i ve in tege rs  x1 ,x2 ,and r '  x t l xz< - r r such tha t  ! * ! *  I  
*  

I  =1 .
xl x2 x3 xtx|x3

K z =  3

X-r= ?

Figure 3 shows a circle of radius 1 in which BD is tangent to the circle at C, and
ACLOB. All six trigonomekic funcfions of 0 - LBOC can be expressed using a line
segment shown on the figure. For example, sin0 - AC and cos? = OA. What line
segments represent the other four functions? (Your answer must be a line segment

shown in the figure; i.e. csc9 = + is not allowed.) (
AC 

ro  r t v r  q r r vY ' su ' , , f  

)  o$u
gssB= C)D Secp= Og tang= BC co tg= CD )  ^ .h

['o"
The square ABCD (Figure 4) has sides of length 4. E is the midpoint of CD FG is

the perpendicular bisector of AE, meeting it at H. Give the length of GH in exact

uft '
?^:"J
,d'r"(
of'

a
J .

3J?-  + .
?

I  oBq

a--- -7 6.

torm.

K is a positive two. digit number. When its digits are reversed to form the two digit

number L^then K' - I: is a perfect square. What is that perfect square?
L + k

Each zero of f(x) = ax3 + bxz + cx+ 7 is one more than the reciprocal of a zero of
g(x): , t  !  * '-  5x + 2. Determine A, b, and c."aF

b';1

Figure 4

Team

Figure 3



t . l =

? . 6  :

3 . 6 1 =

4 . 6 3  =

5 , 6 4  =

I

t z
l o 8

864
6 +80

1  4 6 5

t  (ese t )  +

l t z  t 4

M e e t  I S o l , r f  r  o  n s

X z X g  { -  x r x 3  +  x , x .  +  |  =  X ,  X "  x ,

x a  ( x ,  x z  - X r - X . )  =  |  +  x , x z

l+ uJe choose x3 = l+x,  xr ,  * ten we neecl
{o  choos .e -  X r  <  Xz  sqch  {4 . f  X rXz_x r_  xz__ I
ln tA, o g., w e *o .,-.d +4r-* ,A-- ?, x , =l

? .

t  ( t zq ) + ? ( B l ) + t f q ) + 4  i
i

uronks. The-r

X 3 = l * 2 , 3 = 7 ,

6.  Le t  t { te  3en2es oP 3(* )  be

f ,  S ,  a^J  t ,  
- fh " . - t r  

f s t= -2 ,

rs  t  r t  f  s t  =15 t  t '+s+ t  =  - l

o.-.d the- eeroes' of fr*t orra

* o , ,  * * , ,  l " '-  i_  = (+ * ' ) (+ ' , ) (+ ' )
l '4"1f 'ptJ bY rst ,

-  
I  . t t  =  ( t t r )  ( r+ ' ) ( t+ t )

-  
f , r s t  =  l * ( r t s+ t )+ ( r s+ r t+s t )

t  r s t

-  L t - ? )  =  I  t  ( -  r )  r  ( - s )  + ( - z )  =  - 7

O - =  - ?

Pro.."d s rrn'la,.rly Pr,t,vr

+ : + * * * *  + 3 )  b = r l
n  l r  \ /

i  = (?+rJ t* , ) - ( i ,  )  ( t  r , )

c  = _ r _ 7  + ( i . , ) ( ; r , )

1465  =

3 ,  c s c  Q =

S e c g =

*""^ e =

c o t O  =

( S.,1, +,or.t

++,o* e --

4  = o o
oc

Q B  = o B
oc
o c  = B c
O c

c o  =  c D
oc

,^se the Po"t

z- o oc)

f odop'ted k,tn B Mk ]

4, D - P per pe.r.drc.. {o,rrs +t"-, E o-.d G {o

J a"d K o'. the oppos;te sicles, Ncrl-e

' t + , . t  A F G K = A A E f , .

, , .  F G  - - A E  = f i 6 + T = Z d s

[$ext note A Af H '-" I  AED

x  z  -  x =  G
G =  i  s o ' �  7

G l { =  F G - F l { = L ' ' B - f . =

H-F o .c-w rz7''{1 / -l /v  l /A V
3J3 A

7

5 .  L e f  (  =  l o m + n ;  f h e n  L  =  { o n + m

kA Lt = loo  ̂ -  + ?omn + nz
- ( too nL + ZOrr." ,  + mt)

= 9 9 ( mt- n') = 9. ll (r'" +n) (m- n)

Cleart ly gifher rn+h or rn-n m,"st

b" l l ,  b*f m-n wotl* wtotk. rn+n = l l

A l s o ,  s r n c e  r n - r r ) o - ,  m > n j  a n d

tn -h e'r,  l l  ht^rc +o h" o p-&.*

s l  uone.  Ccrns ider  * {ne poss i  b i l ; f ies

z
3
+
5

1
8
1
6

f mnru I'to'r..h aoo6]

Th" -'ty s?qa q

f f \ =  6  - l  h =  5 .

The por Pe.f squ.u,c = I' lt . l l = fog ?

l n - n
.I

5
3
l < - -
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