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Minnesota State High School
Mathematics League

Individual Event
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2006-07 Event 4A
The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your answer to each question on the line provided. You have fZ miirutes for this
event.

1. Express as the quotient of two relatively prime integers
3 1 3

4 2  + 4 i  + 4 t  + 4 0  + 4 - i  + 4 - t  + 4 - i

2. Simplify +*, leaving an expression in which any exponents that appear are
a \ a ' - l )

positive.

* - l
3. Given f (x): --*, find

r + I

4. Find all lattice points interior to the first quadrant, that is all points (m,n) where rn
and n are positive integers, that lie on the graph of

x ' + y ' + Z r y - 4 x - 4 y - 5 : 0
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2006-07 Event 48
The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your ernswer to each question on the line provided. You have 12 minutes for this
event.

III
4 1 .

75n
T )o /-.

All questions in this eoent refer to the figure at the

rtght in which A and B are placed on a circle of radius

5 so that /JrcA:45o and LXOB = 135o . P is allmned

to mwe along the circle so that a : L)(OP aaries

fro* 0o to 360". Let B : LAPB, (so Bis undefined

when P coincides with either A or B).

What is the length of the arc moving from A counterdockwise to Z?

What is the area of the region bounded by the arc described in Problem L and the

two radii OA and OZ?

On the axes provided in Figure 3, gfaph F as a function of a as a varies from

0" to 360". Use an open circle to show "gupr" in the graph at the points where F is

undefined.

In the given figure, suppose that with A still fixed, we now allow B to move on the

circle so that 0 : LBOA varies. Extend BP to M so that AP : PM. What is the

measure of a = LAMP in terms of 0?

l, (rod,ut\(cen*ral angle, in ro.d,'o^r) = 5,3J+
FL  r  |  ,  \  ZS  j r f

?, i  
(cen*ra[ agte rn radians) =; ' t  

Figure3 06

f r  [ t r  o ( a . 4 l o  A  = i  e B = T = 4 s o

6'45"<"' r is' 6 = i 6h = ry= l35o
t tar r3g2a<36o Q = | fB = + = 4so

+. Bo-H" B, an rnscribed o^.1^lq n".d e) a.
subf .nJ  tB ,  so  A -u  

L  " .
AAl '4P  t j  I rosce les_r  . ro  ex te r ioF  ong le

, , ,  ? d = Z  )  4 ) = *

3.

eu =  T  '̂ i .

o

360

c e n f r c l

8 = Z,r+t



Minnesota State High School
Mathematics League

Individual Event

2005-07 Event 4C
The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 pbints. Place your answer to each question on the line provided. You have 12 minutes for this
event.

NO CATCULATORS IN THIS EVENT
1. The sequenc" {o^} is defined recursively by

a o = 4  e - 5 ,  a n d o n * r =  a n *  a n * r f o r  n = O r l , 2 ,  . .  .

What is r?

A function/is said tobe oddif f (x):-f (-r; for all x. Indicate intheblankatthe

left (using i, ii, iii) which of the following functions are odd.

(i) f (x)= -(x -2) + tr$ -r)'
5

(ii) /("r) - rcos.ts
( i i i ) / (x)=xsinx

It is well known that the sum | + 2+ 3 + + n can be expressed in the closed form
n ( n + l )  F .  r-. rlno a similar dosed form for the surns

2
(a) 1' -22 + 3' - 42 + - nt when n is even

(b )  l ' - 2 '+3 ' -42  +  +n t  when  n  i s  odd
f

term o€ ,nferest -- Wlrn

re?. (i)'.'(:*)'(+1 + !r (t)'(?)'* #(ii(t'i-

3 l

L 8
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=

z l -  - - L (
4 -E)r+ +s)] -

- - +  ( n - r )  + n

n  " d d

I z'- 3'-] - [+'- s

[ , . - r ) (e+r) ]  f t
( z t : )  + @ l - s ) f  -

3.

- n ( n + r ) G ,u "  I  po rn t  & .

each correct  ans u/er

* n)]
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Minnesota State High School
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Individual Event

2006-07 Event 4D
The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth Z pbints. Place your answer to-each question on the line provided. You have 12 minutes for this
event.

All questions refer to the line L with equation

x - y + 4 = O and the point P(-1,1) shoutn in

the figure at the nght. (-z,a)

UZ 1. What is the distance from the point P to the line L?

r x ,f. Points equidistant from P and the line L lie on a parabola.
[- i' t'l the vertex of this parabola.

,A,cccpt Z

( 3. Points equidistant from P and the line L lie on a parabola. Where does this
(o,  t ) parabola cross the y-axis?

4. Write in the form a)c' + bxy + cyz + dx + ey +,f = 0 the equation of the parabola

described in problems 2 and 3.
x t + z * y + g t - a x i 4 y - t z = Q

Give the coordinates of

l .  The drs*once &ot P +o (-z,z)
is JEF = ̂ n

The verfex rs h"lP *A

befwg.n p ond L,  "*  ( -  7,1)

Th" d,shn* P.o^ P +o L is ,JZ.
(o, a) is olso 'J-z lro^ P
(vP = E; the l,n jo,n,n3 G\,o)

ar,d b,z) is the l"l"s red.um; ;t

ho, l"^gfln + (E) "nd is centere d ̂ *

The diston"e +o ? dgx r r)'+
/ \ a
\ x  - Y t 4 /  

=  x z +  Z x , t - t + y a 2 ,
z ! ' J

S rmpf , 8y o^" d co ll e .t f e'' lns ;

x t + z * J * J - -  4 x * a 3 - t Z  =  O

P)

+, d rsto n.e l ro-
the cu'rrve- {'

(^, j ) (r)^

) <  - q  +  4=-l=----,
$z

& p ornt
L i s

7 . (y-,)-

+ t3,



k

A n " w e r S

Minnesota State High School
Mathematiis League

Team Event

20A6-07 Meet 4
Each question is worth 4 points. Team members may cooperate in any wn/, but at the end of twenty
minutes, one set of answers is to be submitted. Put answers on the lines provided.

1. How many lattice points are there that are interior to the first quadrant, that is all

points (m,n) where m and n are positive integers, that lie on the graph of
x ' + y ' + L r y - k x - k y - f t - 1 - 0

2. pse_ilequalities to order from the smallest to the largest the numbers

r rt(t 
'!(s t/ j s("), (sr)r, (r')'

3.  For nr4, f  (x)= x"  -n(x-1)-1 canbewri t tenintheform f  (x)=(x- l ) tg(r ) .  F in4

in terms of. n, g(l).

(s : ) l  .
n ( n-\)

L

5.

( u )  ,  (  t t )

4.  Let  * :+ ,  !=  
'  ,

D - C  C - A

does not involve a,b, or c.

f  ( r , u , e )  =  x + y t +

,= +. Then x' + y' + z' :ff {r,y,z))' wheref(x,y,z)
a - b

Find flx,y,z) in simplified form.

C

Fisure 6

Afunctionf issaidtobe odd-l ikefor as.r< b i f  f(a+b-x):-f(x). Indicateinthe

blank at the left (using i, ii, iii) which of the following functions are odd-like.

(i) f (x)= -(x -2) +1(" - 2)' on (1,3)
J

(i i) f (x):.rcosr on (0,n)
(iii) /(x) = -rsinx on (0,36)

The large cirde in Figure 6 is tangent to both coordinate axes and the cirde
x' + !2 : l. The line joining the centers of the cirdes intersects the small cirde at A
and B, and CD is a diameter of the large cirde that is perpendicular to the x-axis.
Find the length of BD.

6 , 3 5 5  6 .

Team



TTTTTorn Event 4 Solr*,ons

t t . Zl ,  ( x * y ) - -  k  ( x + y ) -  ( k + r )  = e

[ ( x + y  t  + ' ]  [ ( - r y )  - (  k * r ) ] = 6

S tn.e x+y + | >O tn *\" l$ ? ,od,

x + y = /< t I . Laff rte. po rr.'t so Ins :

(  t ,  1.) ,  (2,  k -r) ,  -  -  -  r  
(k,  t ) ,

Jh".e qre k such 561,a/tio"ns

L , g -- tzo I . (tzs)'to. tzs tooo

: (s ' ) ' *o = 5@<5' ' t1 s 
( t t )

:

3,  Sr* .  x l  I  =(x- t  ) (  *n- ' l -  *n- ' *  - - - *  t ) ,

f  t * t  =(x- r ) [  x" - '  *  xn- t *  -  - - t  l -  n l

Use- s7n*hettc- drVrsrcrn crn *d" bm"k"*ed t-r^,

n  ( n - r )
2-

(c -a\ + @--.b)=o

nwmq;rra*LA is 
'O,

? a
C ' 3 .

c o J  l 5  7 .  f

= iO +" ,Je

+ ,  +61

!
l - '

(";-

3 ( r )

3 ( r ) =  
l + z t  - - - + ( n - z ) F ( n - l )  =

I

f

- t f b - b

e l G -
7 - { l

l * t
J r  t l
l r  "  I
t 4 ( . ) ^

{ o  Nr v l

a a  x
= = \ /
1 l - { -
LL^)-
l l  l l  

,p
t l( ^ ;  t ,

)  o  , ,
x  

.n  r l

x r
I

+ t r r  g
l l l
r r k
n . \ X

55  , !
vt^t

t l
I

-lT

I
\J

(x)  = (x - r ) - [*n-L+ Lf- i  - - -+(n-r- )x *6- ' )

4, N o t e  + 4 ^ " t  : + * " f
J

Y +  * . =  j  r j
= O-r

( U -c\ +

s o 'l4e
t .  e . "  5 z
( x n j + + ) L = x t * y '

, ' ,  x L + J . f  * t  =

o
#

A / - \

i / ( x t /  J - X ?  + v z )-  " ' J  '  ' - -  
J  r

j +  a ) L  s o  l k , y , + )  - x + J + L

t  z t t

( * +

6.  Let  R b"  t l rc  rad"es o f  the

lorge circ le.  Fron" Rt+Ra=(R+r)]

w e  3 " t  R - -  l + { t i l  R ' =  3 + 2 ^ n

pro.^r x = AD' BY {4"e lau oP co"ttt"s

K .  =  Ra+  Ra-  LRacos  13so  =  R t (a t . I a )

L } A D  =  l S o o -  e . 5 o  =  l S " . S o

Ag^tn  ogPeol  + '  l i le  t^w oP cos i^€s,

B D t = 4 + x t - Z ( z ) x

x-=0ra f , . ) (a+^J" )

s o  x  = l t t . 8 1 q  =

B D t =  4 0 , 3 8 f
B D  =  6 , 3 5 5

( tn et*ar* tenrrrs, SDt= az + l3ir i  )
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